ABSTRACT. Rao and Zhao classified the irreducible integrable modules with finite dimensional weight spaces for the untwisted affine superalgebras which are notÂpm, nq (m ‰ n) orĈpmq. Here we treat the latter affine superalgebras to complete the classification. The problem boils down to classifying the irreducible zero-level integrable modules with finite dimensional weight spaces for these affine superalgebras, which is solved in this paper. We note in particular that such modules forÂpm, nq (m ‰ n) andĈpmq must be of highest weight type, but are not necessarily loop modules. This is in sharp contrast to the cases of ordinary affine algebras and the other types of affine superalgebras.
INTRODUCTION
A finite dimensional simple Lie superalgebra g over the field C of complex numbers is called basic classical [4] if its even subalgebra g0 is reductive and g carries an even non-degenerate supersymmetric invariant bilinear form p¨|¨q. The full list of such simple Lie superalgebras can be found in [4] . Fix a simple basic classical Lie superalgebra g and let L " Crt,t´1s be the algebra of Laurent polynomials in the indeterminate t. The untwisted affine superalgebra G associated to g [3] is G " g b L ' Cc ' Cd with the commutation relations defined as follows. For any X P g and m P Z, we denote X pmq " X b t m . Then for all a, b P g and m, n P Z, rc, Gs " 0, rd, apmqs " mapmq, rapmq, bpnqs " ra, bspm`nq`cmpa | bqδ m`n,0 .
We shall also denote the affine superalgebra G byĝ following the convention of [5] . Note that the even subalgebra of G is G0 " g0 b L ' Cc ' Cd, which is the affine algebra of g0.
Let H " h ' Cc ' Cd, where h is a Cartan subalgebra of g. If V is a Z 2 -graded G-module, we denote by V λ the weight space of V with weight λ P H˚. The module is called integrable if (i) V " ' λPH˚Vλ and (ii) when restricted to a G0-module, V is integrable in the usual sense (see [1] and [5, §3.6] ). 1 The irreducible integrable modules with finite dimensional weight spaces for affine algebras associated with finite dimensional simple Lie algebras were classified by Chari [1] , who proved that such modules comprise of irreducible integrable highest weight modules, irreducible integrable lowest weight modules and loop modules. The irreducible integrable modules for affine superalgebras were investigated systematically by S. Rao and K. Zhao and others (see [12] and references therein).
Let V be an irreducible integrable module for G with finite dimensional weight spaces. Since c is also the central extension of G0, it is known [5] that c must act on V by an integer, which is called the level of V . It has long been known [3, 6] that the affine superalgebrasÂpm, nq (m ě 1, n ě 1),Bpm, nq (m ě 1, n ě 1),Dpm, nq (m ě 2, n ě 1q, Dp2, 1, αq,Fp4q andĜp3q do not admit any integrable modules of nonzero level. In the cases when G isÂp0, nq(n ě 1),Bp0, nq (n ě 1) andĈpmq (m ě 3), if the level is a positive (resp. negative) integer, then by results of [12] , V is a highest (resp. lowest) weight module with respect to the Borel subalgebra b ' g b tCrts ' Cc ' Cd of G, where b is a Borel subalgeba of g. Therefore, the classification of irreducible integrable modules reduces to the classification of those of zero-level.
It is proved in [12] that any irreducible zero-level integrable module with finite dimensional weight spaces for the affine superalgebra G is an loop module provided that G is notÂpm, nq (m ‰ n) orĈpmq. The method used to prove this in [12] is an adaption to the affine superalgebra context of the method developed by Chari [1] for ordinary (i.e., non-super) affine algebras. Semi-simplicity of g0 was used in a crucial way in proving that irreducible integrable G-modules were of highest weight type. This condition is not met in the cases of Apm, nq (m ‰ n) and Cpmq. This is a main reason why the method of [12] failed to produce a complete classification.
The aim of this paper is to complete the classification of irreducible integrable modules for untwisted affine superalgebras started by Rao and Zhao by treating the affine superalgebrasÂpm, nq (m ‰ n) andĈpmq. This is achieved in Theorem 5.1. The irreducible zero-level integrable modules with finite dimensional weight spaces forÂpm, nq (m ‰ n) andĈpmq are all highest weight modules with respect to the triangular decomposition (2.1) (see Theorem 3.3), but in sharp contrast to Theorem 2.7 for ordinary affine algebras and the other types of affine superalgebras, such modules are not necessarily loop modules. The necessary and sufficient conditions for a simple highest weight module to be a loop module is given in Lemma 4.4 and Remark 5.2.
Let us briefly describe the content of this paper. In Section 2 we recall the construction of loop modules for affine superalgebras. In Section 3 we prove that any irreducible zero-level integrable module with finite dimensional weight spaces forÂpm, nq (m ‰ n) andĈpmq must be a highest weight module. The result is given in Theorem 3.3. In Section 4 we construct irreducible integrable modules (see Definition 4.5) for these affine superalgebras, which include the irreducible loop modules as a special case. In the last section we prove the main result of this paper, that is, Theorem 5.1, which states that any irreducible zero-level integrable module with finite dimensional weight spaces forÂpm, nq (m ‰ n) andĈpmq is one of the modules given in Definition 4.5.
We point out that the method used in this paper to classify irreducible integrable modules is very much inspired by the work [11] of Rao on finite dimensional modules for multi-loop superalgebras. It is very different from that of [12] . As far as we are aware, the method of [12] has not been improved to deal withÂpm, nq (m ‰ n) and Cpmq.
LOOP MODULES
We recall results from [12, 10] on irreducible integral modules for affine superalgebras, which will be needed later.
2.1. Highest weight modules. Given a simple basic classical Lie superalgebra g, we let g " n´' h ' n`be the triangular decomposition with b " n`' h being a distinguished Borel subalgebra and h a Cartan subalgebra.
Denote
The affine superalgebra G " Lpgq ' Cc ' Cd associated with g contains the subalgebra
We have the following triangular decompositions for G and G 1 :
We shall deal only with elements λ P H˚such that λpcq " 0, i.e., λ P ph ' Cdq˚. A module V of G (resp. G 1 ) is called a highest weight module if there exists a weight vector v P V with respect to h ' Cc ' Cd (resp. h ' Cc) such that (1) UpGqv " V (resp. UpG 1 qv " V ), (2) G`v " 0, and (3) UpT qv (resp. UpT 0 qv) is an irreducible T -module (resp. T 0 -module). The vector v is called a highest weight vector of V .
Letφ : UpT 0 q Ñ L be a Z-graded algebra homomorphism such thatφpcq " 0 and ϕ| h P h˚. Then for any given b P C, we can turn L into a T -module viaφ defined for
We write ϕ " pφ, bq and denote by L ϕ the image ofφ regarded as a Z-graded Tsubmodule. It was shown in [1, §3] that if L ϕ is a simple T -module, it must be L 0 :" C or a Laurent subring L r :" Crt r ,t´rs for some integer r ą 0. Assume that L ϕ is a simple T -module. We extend L ϕ to a module over B :" G`' T with G`acting trivially, and construct the induced G-module
This has a unique irreducible quotient, which we denote byV pϕq. Then every irreducible highest weight G-module is isomorphic to someV pϕq. Define the evaluation map S : L Ñ C, t Þ Ñ 1 and set ψ " S˝φ : UpT 0 q Ñ C. Let UpT 0 q act on the one dimensional vector space C ψ " C by ψ. We extend C ψ to a module over B 1 :" G`' T 0 by letting G`act trivially. Construct the induced G 1 -module
which also has a unique simple quotient V pψq. Form the vector space V pψq b L and denote wpsq " w b t s for any w P V pψq and s P Z. We now turn V pψq b L into a G-module by defining the action
The following results due to Rao and Zhao [12, 10] will be important later. In [12, 10] only the b " 0 case was stated, which implies the general case. We note that UpGqvpiq -V pφ, b`iq. In the case r " 0, the formula in part (1) of the theorem should be understood as V pψq b L -' iPZ UpGqvpiq. [12, 10] can show that Theorem 2.2 still holds when g is a semi-simple Lie algebra.
Remark 2.3. Similar arguments as those in
Remark 2.4. The co-finite ideal I can be chosen to be generated by a polynomial Pptq (see [10] ). By multiplying it by t m pm P Zq, we can also assume that Pptq has non-zero roots.
2.2.
Loop modules. Now we recall the construction of loop modules. Denote by V pλq the irreducible highest weight g-module with highest weight λ P h˚. Let K be a positive integer, and fix a K-tuple a " pa 1 , . . ., a K q of complex numbers, which are all distinct and non-zero. Define a Lie superalgebra homomorphism ζ :
for all x P g and m P Z. Then ζ is surjective under the given conditions for a. Given irreducible g-modules V pλ 1 q, . . . ,V pλ K q with integral dominant highest weights λ 1 , . . . , λ K respectively, we let
where λ " pλ 1 , . . ., λ K q. Then V pλ, aq is an irreducible highest weight Lpgq-module via ζ, where irreducibility follows from the surjectivity of ζ. Such modules are called evaluation modules for Lpgq.
Let v i be a highest weight vector of V pλ i q for each i.
Define an algebra homomorphism ψ : UpT 0 q Ñ C by ψpcq " 0 and
Then it follows from (2.7) that V pψq -V pλ, aq since V pψq is determined by ψ.
Introduce the Z-graded algebra homomorphismφ : UpT 0 q Ñ L defined bỹ
Then impφq is a simple T -module via (2.2) for any fixed b P C, and there exists an integer r ě 0 such that impφq " L r by [2] . [Note that r " 0 if and only if
i"0V i pλ, aq, whereV i pλ, aq :" UpGqpv b t i q. Note in particular thatV 0 pλ, aq "V pϕq with ϕ " pφ, bq.
Definition 2.6. Call the G-modulesV i pλ, aq simple loop modules.
If r " 1, thenV pλ, aq b L is simple. When r ą 1, assuming λ i ‰ 0 for all i, we have K " rS for some positive integer S, and there exists a permutation σ such that σpλq " pλ σp1q , λ σp2q , . . ., λ σpKand σpaq " pa σp1q , a σp2q , . . . , a σpKare respectively given by
where ω " exp´2
It immediately follows from the obvious fact ř r´1 i"0 ω i " 0 that ψph b t m q " 0 in this case and hence ϕph b t m q " 0 unless r|m. The loop modulesV i pλ, aq when r ą 1 can be explicitly described as in [2, §4] , but their detailed structure will not play any significant role in the remainder of the present paper.
We have the following result. The proof of the theorem was given in [1, 2] when g is a simple Lie algebra, and in [12] when g is a basic classical Lie superalgebra. [1, 2, 12] can show that Theorem 2.7 still holds for semi-simple Lie algebras.
Remark 2.8. Similar arguments as those in
In the remainder of the paper, we classify the irreducible zero-level integrable modules with finite dimensional weight spaces for the affine superalgebrasÂpm, nq (m ‰ n) andĈpmq. This requires algebraic methods quite different from those used in [1, 2] and [12] .
HIGHEST WEIGHT MODULES FORÂpm, nq ANDĈpmq
We will show in this section that irreducible zero-level integrable modules with finite dimensional weight spaces for the affine superalgebrasÂpm, nq (m ‰ n) andĈpmq must be highest weight modules with respect to the triangular decomposition (2.1), see Theorem 3.3 for the precise statement.
Detailed structures of the underlying finite dimensional simple Lie superalgebras Apm, nq and Cpmq will be required, which we describe below.
3.1. Lie superalgebras slpm, nq and Cpmq. Recall that Apm, nq is slpm`1, n`1q if m ‰ n, and is slpn`1|n`1q{CI 2n`2 if m " n. Also Cpmq " ospp2|2m´2q. To simplify notation, we consider slpm, nq instead of Apm, nq in this section.
3.1.1. The Lie superalgebra slpm, nq. Let V " V0 ' V1 be a Z 2 -graded vector space with dimV0 " m and dimV1 " n. Then the space of C-linear endomorphisms EndpV q on V is also Z 2 -graded, EndpV q " pEndpV qq0 ' pEndpV qq1, with
The general linear Lie superalgebra glpm, nq is EndpV q endowed with the following Lie super bracket r f , gs " f¨g´p´1q i j f¨g, f P pEndpVi , g P pEndpVj .
By fixing bases for V0 and V1 we can write X P EndpV q as X "ˆA B C D˙, where A is an mˆm matrix, B is an mˆn matrix, C is an nˆm matrix and D is an nˆn matrix. Then A 0 0 D˙i s even andˆ0 B C 0˙i s odd. Denote by E ab the pm`nqˆpm`nq-matrix unit, which has zero entries everywhere except at the pa, bq position where the entry is 1. Then glpm, nq has the homogeneous basis tE ab | 1 ď a, b ď m`nu with E ab being even if 1 ď a, b ď m, or m`1 ď a, b ď m`n, and odd otherwise. Let ε a (a " 1, 2, . . ., m`n) be elements in the dual space ofh :" ř m`n a"1 CE aa such that ε a pE bb q " δ ab . There exists a non-degenerate bilinear form p¨,¨q :h˚ˆh˚Þ Ñ C such that pε a , ε b q " p´1q ras δ ab where ras " 0 if a ď m and 1 if a ą m.
The special linear Lie superalgebra slpm, nq is the Lie sub-superalgebra of glpm, nq consisting of elements X P glpm, nq such that strX " 0, where the supertrace is defined for any X "ˆA B C D˙b y strX " trA´trD. It is well known that g " slpm, nq is simple if m ‰ n. However, if m " n, the identity matrix belongs to g, which clearly spans an ideal.
"ˆ0 B 0 0˙* and g´1 "
Note that g 0 is reductive and g 0 -slpmq ' Cz ' slpnq, where Cz is the center of g 0 . Also, g admits a Z-grading g " g´1 ' g 0 ' g`1 with g˘1 satisfying rg`1, g`1s " 0 " rg´1, g´1s. Let h be the standard Cartan subalgebra consisting of the diagonal matrices in g. Denote δ j " ε m`j for 1 ď j ď n. The sets of the positive even roots, positive odd roots and simple roots are respectively given by
where Π forms a basis of h˚. Set ∆`" ∆0 Ť ∆1 and ∆ " ∆`Ťp´∆`q. The root system can be encoded in the Dynkin diagram
where the grey node corresponds to the odd simple root. For any root α P ∆, we denote by g α the corresponding root space. Let nȋ " À˘α P∆ì g α (i " 0, 1) and n˘" n0 ' n1 , then g " n´' h ' n`. Note that n1 " g˘1.
3.1.2.
The Lie superalgebra Cpmq. The structure of g " Cpmq can be understood by regarding it as a Lie subalgebra of slp2, 2m´2q that preserves a non-degenerate supersymmetric bilinear form. To describe the root system of g, we let h be the Cartan subalgebra of g contained in the distinguished Borel subalgebra. Then h˚has a basis ε, δ 1 , . . . , δ m´1 and is equipped with the bilinear form p¨,¨q : h˚ˆh˚Þ Ñ C such that pε, εq " 1, pδ k , δ l q "´δ kl and pε, δ k q " 0. The sets of positive even roots, positive odd roots and simple roots are respectively given by
We denote ∆`" ∆0 Ť ∆1 and ∆ " ∆`Ťp´∆`q. The Dynkin diagram of the root system is given by
We have g " n´'h'n`, where n˘" n0 'n1 with nȋ " À˘α P∆ì g α (i " 0, 1). The even subalgebra g0 " n0 ' h ' n0 is Cz ' sp 2m´2 , where Cz is the center of g0. From the root system one immediately sees that g admits a Z-grading g " g´1 ' g 0 ' g`1 with g 0 " g0 and g˘1 " n1 .
It is known that Cpmq -slp2, 1q if m " 2. Thus we may assume that m ě 3.
Highest weight modules.
Let G be the affine superalgebra associated with Cpmq or slpm, nq with m ‰ n. We retain notation of Section 2, and set G0 " n0 b L. Define δ P H˚by setting δ| h'Cc " 0 and δpdq " 1. We write λ ď µ for λ, µ P H˚if pµ´λq| h " ř k i α i with k i non-negative integers and α i P Π. Let V be an irreducible zero-level integrable module for G with finite dimensional weight spaces. In this subsection we will show that V has to be a highest weight module with respect to the triangular decomposition (2.1) of G. This will be done in detail for p slpm, nq only as the proof forĈpmq is similar. By the definition of integrable G-modules, V is integrable over the even subalgebra G0 of G. It follows from Chari's work [1] that there is a non-zero weight vector v P V such that G0 v " 0. Denote by wtpvq the weight of v. Let X be the subspace of V spanned by the vectors E m,m`1 pkqE m,m`1 p´kqv for all k ě 0, which is a subspace of V wtpvq`2pε m´δ1 q , thus dim X ă 8. Therefore, there exists a finite positive integer N such that
Thus for any r P Z we have
Note that the elements E m,m`1 pkq for all k P Z anti-commute among themselves and satisfy E m,m`1 pkq 2 " 0. Thus equation (3.2) in the lemma below immediately follows from (3.1). 2) E m,m`1 pn 1 qE m,m`1 p´n 1 q¨¨¨E m,m`1 pn k qE m,m`1 p´n k qv " 0, @n 1 , . . . , n k P Z;
Proof. Since (3.2) was proven already, we only need to consider (3.3). Assume that (3.2) holds for some k. If k " 1, by applying pE 1m psqE m`1,m`n psqq 2 to (3.2), we have E 1,m`n p2s`n 1 qE 1,m`n p2s´n 1 qv " 0.
By setting p " 2s`n 1 , q " 2s´n 1 , we obtain E 1,m`n ppqE 1,m`n pqqv " 0 for all p, q with p " q pmod 2q.
Since two of any three integers p, q, a must have the same parity, we have
by noting that the elements E 1,m`n prq anti-commute for all r.
For k ą 1, applying pE 1m psqE m`1,m`n psqq 2k to (3.2), we have
Set p i " 2s`n i and q i " 2s´n i for i " 1. . . . , k. Then for all p i , q i P Z with p i " q i pmod 2q, we have E 1,m`n pp 1 qE 1,m`n pq 1 q¨¨¨E 1,m`n pp k qE 1,m`n pq k qv " 0.
Therefore, for all p i , q i , a i P Z, E 1,m`n pp 1 qE 1,m`n pq 1 qE 1,m`n pa 1 q¨¨¨E 1,m`n pp k qE 1,m`n pq k qE 1,m`n pa k qv " 0.
This proves (3.3).
By using the lemma, we can prove the following result.
Proposition 3.2. Let V be an irreducible zero-level integrable G-module with finite dimensional weight spaces. Then there always exists a nonzero weight vector w
Proof. Let v be the vector in Lemma 3.1 with l bing the minimal value of k such that the equation (3.3) holds. Then there exist r 1 , . . . , r l´1 P Z such that v 1,m`n :" E 1,m`n pr 1 q¨¨¨E 1,m`n pr l´1 qv ‰ 0, E 1,m`n prqv 1,m`n " 0, @r P Z.
Since for any Y P G0 , we have rY, E 1,m`n prqs " 0 for all r, and hence G0 v 1,m`n " 0.
We observe that (3.2) still holds if we replace v by v 1,m`n , namely, for large k and for all n 1 , . . . , n k P Z,
Applying pE 1m psqE m`1,m`n´1 psqq 2k , s P Z, to (3.7) and using the same arguments for the proof of (3.3), we obtain
Let l 1 be the minimal integer such that (3.8) holds. Then there exist r 1 1 , . . .,
Therefore, G0 v 1,m`n´1 " 0. Repeating the above arguments for a finite number of times, we will find a weight vector w such that (3.9)
G0 w " 0, E i,m`j prqw " 0, pi, jq ‰ pm, 1q, r P Z.
Let µ be the weight of w. Observe that V , being irreducible, must be cyclically generated by w over G. By using the PBW theorem for the universal enveloping algebra of G and equation (3.9), we easily show that any weight of V which is bigger than µ must be of the form µ`apε m´δ1 q`bδ, a P Z ě0 , b P Z. (3.10) Now we prove (3.6). Suppose it is false, that is, for any positive integer p, there always exist k ą p and n 1 , . . . , n k P Z such thatw :" E m,m`1 pn 1 q¨¨¨E m,m`1 pn k qw ‰ 0.
n i δ is the weight ofw. But for large p, and hence large k, we have pν, ε m´1´εm q ă 0. Thus ν`pε m´1´εm q is a weight of V by considering the action of the slp2q subalgebra generated by the root spaces g α and g´α where α " ε m´1´εm . However, the weight ν`pε m´1´εm q is not of the form (3.10). This proves (3.6) by contradiction.
The following theorem is an easy consequence of Proposition 3.2.
Theorem 3.3. Let V be an irreducible zero-level integrable G-module with finite dimensional weight spaces. Then there exists a weight vector v P V such that G`v " 0.

Furthermore, V is isomorphic to the irreducible quotient V pϕq of the induced module defined by (2.3) for some ϕ.
Proof. Assume that g " slpm, nq. Consider the weight vector w of Proposition 3.2, and let s be the minimal integer such that (3.6) holds. Then there exist r 1 , . . . , r s´1 P Z such that
It follows from (3.4) and (3.5) in Proposition 3.2 that G`v " 0. The existence of a highest weight vector can be proved similarly in the case of Cpmq. We omit the details, but point out that the following property of Cpmq plays a crucial role: if α and β are positive odd roots, then rg α , g β s " t0u " rg´α, g´βs. This property is shared by slpm, nq.
The last statement of the theorem will be verified in the proof of Theorem 5.1. See in particular remarks below equation (5.1).
INTEGRABLE MODULES FORÂpm, nq ANDĈpmq
We use g to denote Apm, nq with m ‰ n or Cpmq. Recall that g0 is reductive but not semi-simple. Let g ss be the semi-simple part of g0 and Cz be the one dimensional center of g0. Then g0 " g ss ' Cz. Let g ss " gś s ' h ss ' gs s be the standard triangular decomposition. Set
Cd. Fix a K-tuple of integral dominant g ss -weights λ " pλ 1 , . . ., λ K q, and take any a " pa 1 , . . . , a K q P C K with distinct nonzero entries. Letφ : UpT ss 0 q Ñ L and ψ : UpT ss 0 q Ñ C be algebra homomorphisms respectively defined bỹ
whereφ is Z-graded. Then impφq -L r for some nonnegative integer r, and L r is an irreducible UpT ss 0 q-module. By letting d act on impφq by dt ir " pir`bqt ir (i P Z) for any fixed b P C, we make impφq into an irreducible T ss -module, which we denote by L ϕ , where ϕ " pφ, bq.
Extend L ϕ to a module over B ss :" T ss ' gs s b L with gs s b L acting trivially, and construct the following induced module for Lpg ss q ' Cc ' Cd:
This has a unique irreducible quotient, which we denote by V 0 pϕq. Then V 0 pϕq is an irreducible loop module by Theorem 2.7. Let UpT ss 0 q act on the one dimensional vector space C ψ " C by ψ. We extend C ψ to a module over B for Lpg ss q ' Cc. This module has a unique simple quotient, which we denote by V 0 pψq. We note in particular that V 0 pψq is integrable with finite dimensional weight spaces.
Let I 1 be the ideal of L generated by P 1 ptq "
pt´a j q. Then it follows from Remark 2.5 that pg ss b I 1 qV 0 pψq " 0.
Given any positive integers
Denote by I the ideal generated by Pptq, which clearly is contained in I 1 . We write Pptq " ř θ i"0 c i t i , where the c i are complex numbers determined by a j and b j . Let τ be any element of the set
Set τ s " τpz b t s q for all s P Z, and we shall also denote τ by the sequence pτ i q iPZ . We have ř θ i"0 c i τ i`m " 0 for all m P Z. Conversely, we may regard this as a linear difference equation of order θ for pτ i q iPZ . It uniquely determines the sequence, and hence an element τ P T I , by fixing, e.g., τ 0 , τ 1 , . . . , τ θ´1 , to any complex numbers.
One can extend ψ to an algebra homomorphism UpT 0 q Ñ C by letting ψpz b t s q " τ s for all s P Z. Define the action of z b L on V 0 pψq by
Since rz b L, Lpg ss q ' Ccs " 0, this makes V 0 pψq into a simple module for g0 b L ' Cc. It follows from (4.2) that pz b IqV 0 pψq " 0. Extend V 0 pψq to a simple module for the parabolic subalgebrap :" g0 b L' Cc' n1 b L by letting n1 b L act on V 0 pψq trivially, and denote the resulting module by V 0 pψ, τq. Now construct the induced module for
Standard arguments show that Mpψ, τq has a unique quotient V pψ, τq, which is irreducible over G 1 .
Proposition 4.1.
We have pg b IqV pψ, τq " 0. This in particular implies that V pψ, τq has finite dimensional weight spaces.
Proof. For any positive odd root α, we denote by x α and y α the root vectors of g corresponding to α and´α respectively. Then for all positive odd roots α, β, we have rx α b I, y β b Is Ă g0 b I. Since pg0 b IqV 0 pψ, τq " 0, it follows that py β b IqV 0 pψ, τq " 0 for all odd positive roots β. Note that V pψ, τq is spanned by
The Lie superalgebra g is type I, thus rn1 , n1 s " 0, and it immediately follows that pn1 b IqV pψ, τq " 0. Now pg0 bIq¨py α 1 pn 1 quq " t0u and pn1 bIq¨py α 1 pn 1 quq " 0 for any positive odd root α 1 . By using induction on k, it is not difficult to show that pg0 bIq¨py α 1 pn 1 q¨¨¨y α k pn k quq " 0 and pn1 b Iq¨py α 1 pn 1 q¨¨¨y α k pn k quq " 0 for all positive odd roots α 1 , . . . , α k . Hence pg0 b IqV pψ, τq " pn1 b IqV pψ, τq " 0. This proves that pg b IqV pψ, τq " 0.
Since I is co-finite, Upn1 b L{Iq "^pn1 b L{Iq is finite dimensional. This immediately leads to the second statement.
Remark 4.2.
Since V 0 pψ, τq is an integrable module for Lpg ss q ' Cc, the induced module Mpψ, τq is integrable with respect to G 1 , and so is also V pψ, τq. Proof. The given conditions are necessary and sufficient in order for one to have an isomorphism V 0 pψ, τq -V 0 pψ 1 , τ 1 q of simple p-modules. Since V 0 pψ, τq and V 0 pψ 1 , τ 1 q respectively determine V 0 pψ, τq and V 0 pψ 1 , τ 1 q uniquely, the proposition follows.
Lemma 4.4. The V pψ, τq is an evaluation Lpgq-module if and only if ψpz
Proof. If ψpz b I 1 q " 0, then g b I 1 acts on V pψ, τq by zero. It follows from equation (2.5) and Remark 2.5 that V pψ, τq is an evaluation module. Given any simple evaluation module V pλ, aq (we may and will assume that the entries of λ are all nonzero), we have ψpzpmqq " ř K i"1 a m i λ i pzq for all m P Z by (2.5). Simplicity of V pλ, aq requires that the entries of a " pa 1 , . . . , a K q are all distinct. It is clear that ψpz b I 1 q " 0 for
4). Then by Theorem 2.2 we have the following G-module isomorphism
where w is a highest weight vector of V pψ, τq and wpiq " w b t i with i P Z. Note that UpGqwpiq are irreducible G-submodules. Definition 4.5. We denote byV pϕ, τq the irreducible G-module UpGqwp0q.
HereV pϕ, τq is a highest weight module, where wp0q is a highest weight vector. We have cwp0q " 0, dwp0q " bwp0q, pz b t s qwp0q " τ s wpsq, 
for r ą 0, there exists κ P Czt0u and a permutation σ of t1, 2, . . ., Ku such that
Remark 4.8. If τ P T I for the ideal I " pPptqq of L generated by Pptq "
Proof of Proposition 4.7. The r " 0 case is clear, thus we only need to consider the case r ą 0. The given conditions imply that the irreducible representation of G onV pϕ 1 , τ 1 q is the composition of the representation onV pϕ, τq and the algebra automorphism of L given by t Þ Ñ κt. Thus the representations are isomorphic.
To prove the converse, we note that the necessity of condition (a) is clear. The actions of UpT 0 q on the spaces of highest weight vectors ofV pϕ, τq andV pϕ 1 , τ 1 q respectively induce surjective graded algebra homomorphisms ϕ, ϕ 1 : UpT 0 q ÝÑ L r for some r. As we mentioned before, this in particular implies that ϕphpmqq " ϕ 1 phpmqq " 0 for all hpmq P Lphq if r ffl m. Letφ : UpT 0 q{Kerpϕq ÝÑ L r andφ 1 : UpT 0 q{Kerpϕ 1 q ÝÑ L r be the corresponding canonical isomorphisms. Letx "φ´1pt r q, thenφ´1pt rm q "x m for all m P Z. If x is a representative ofx in UpT 0 q, we have ϕ 1 pxq " ρt r for some ρ P Czt0u. Furthermore, given any hprmq P Lphq, we have some ηphprmqq P C such that hprmq " ηphprmqqx m mod Kerpϕq for all m. Thus
. These relations lead to the conditions (b) with ρ " κ r .
CLASSIFICATION THEOREM
In this section, we classify the irreducible zero-level integrable modules with finite dimensional weight spaces for the untwisted affine superalgebrasÂpm, nq (m ‰ n) and Cpmq. The following theorem is the main result. Proof. Let V be an irreducible zero-level integrable G-module with finite dimensional weight spaces. By Theorem 3.3, there exists a highest weight vector v with weight λ P H˚, that is, G`v " 0 and hv " λphqv for all h P H.
Let w 1 , w 2 P M be two weight vectors. Then by the irreducibility of V , there exists g P G such that gw 1 " w 2 . Write g " ř i gí h i gì , where gí P UpG´q, h i P UpT 0 q, gì P UpG`q. Note that G`w i " 0. Hence w 2 " ř i gí h i w 1 , which forces all gí to be scalars by weight considerations. Hence w 1 " hw 2 for some h P UpT 0 q, that is, M is an irreducible T 0 -module. Observe that M is also an irreducible T -module.
Since c acts as zero on M it follows that there exists a maximal graded ideal N of S " UpT 0 q{UpT 0 qc such that M -S{N as T 0 -modules. It is known from [1] that M -S{N -L r for some integer r ě 0. Letφ be the natural map defined by the following composition
Clearly,φ is Z-graded,φpcq " 0 andφ| h P h˚. Moreover V is isomorphic toV pϕq, the irreducible quotient of the induced module defined by (2.3) with ϕ " pφ, λpdqq. If r " 0, the module is trivial. Thus we shall assume r ą 0 hereafter. As in Section 2, we construct a simple module V pψq for G 1 " Lpgq ' Cc from V -V pϕq by setting ψ " S˝φ. Since V has finite dimensional weight spaces, it follows from Theorem 2.2 that V pψq has finite dimensional weight spaces and there exists a co-finite ideal I of L such that
This ideal can be determined as follows (for more detail see [10, Lemma 3.7] ). Let w be a highest weight vector of V pψq and let µ be its weight. For each simple root α P Π, we let y α be a root vector for the root´α. Consider ty α psqw|s P Zu, which is contained in the same weight space V pψq µ´α . Since dimV pψq µ´α ă 8, there exists a non-zero polynomial P α ptq such that py α b P α ptqqw " 0. Set Pptq " ś αPΠ P α ptq. Then I is the ideal generated by Pptq.
To avoid confusion, we change the notation of V pψq to V ev . Recall that g ss is the semi-simple part of g0. Regard V ev as a module for Lpg ss q ' Cc, and set V 0 pψq " UpLpg ss q ' Ccqw. Since V pψq has finite dimensional h-weight spaces, so does also V 0 pψq. As z is in the center of g0`Cc, and acts on w by the multiplication by the scalar ψpzq, it acts on the entire V 0 pψq by the multiplication by ψpzq. It follows that V 0 pψq has finite dimensional h ss -weight spaces. Therefore, there exists a co-finite ideal J of L such that pg ss b JqV 0 pψq " 0, where J is generated by Qptq :" ś αP∆0 XΠ P α ptq. By remark 2.4 we can assume that Qptq has non-zero roots. The module V 0 pψq is trivial when Qptq is a constant. Thus we will further assume that Qptq is not a constant.
Then up to a scalar multiple, Qptq has the unique factorisation Qptq " is an irreducible integrable module, it is finite dimensional. Clearly any finite dimensional irreducible module for g ss '¨¨¨' g ss loooooomoooooon
S
is isomorphic to V pλ 1 q b¨¨¨b V pλ S q for some λ i P hs s , which are integral dominant with respect to g ss . Here V pλ i q denotes an irreducible g ss -module with highest weight λ i . Therefore, V 0 pψq is isomorphic to V pλ 1 q b¨¨¨bV pλ S q as an irreducible module for Lpg ss q ' Cc via the map (2.5). Again by Remark 2.4 we can assume that Pptq has non-zero roots. We can also assume that Pptq is not a constant. Since Pptq has Qptq as a factor, it factorises into Pptq " Let I be the ideal of L generated by Pptq. Set P 1 ptq "
pt´a i q, and let I 1 be the ideal of L generated by P 1 ptq. Clearly, I 1 Ă J 1 . For S`1 ď j ď K, let V pλ j q " V p0q " C be the one-dimensional g ss -module. We have V 0 pψq -V pλ 1 q b¨¨¨bV pλ K q with the action given by equation (2.5) . This is also an isomorphism of g ss b L{I 1 -modules. Let τ P pz b Lq˚be defined by τpxq " ψpxq for all x P z b L. Then τ P T I (see (4.2) ). Note that τpz b t s q " ψpz b t s q " 0 if r ffl s since ϕpz b t s q " 0 if r ffl s. Now z b t s acts on the highest weight vector w by pz b t s qw " τpz b t s qw. Since rz b L, Lpg ss q ' Ccs " 0, for all u P V 0 pψq, pz b t s qu " τpz b t s qu, s P Z.
This makes V 0 pψq into an irreducible g0 b L ' Cc-module. 
CONCLUDING REMARKS
Theorem 5.1 and Theorem 2.7 together classify the irreducible zero-level integrable modules with finite dimensional weight spaces forÂpm, nq (m ‰ n) andĈpmq . In view of results of [12] and [3, 6] discussed in Section 1, this completes the classification of the irreducible integrable modules with finite dimensional weight spaces for all the untwisted affine superalgebras. An interesting fact in the case ofÂpm, nq (m ‰ n) and Cpmq is that such modules are are not necessarily loop modules.
